Let’s continue our discussion of Divisibility and Remainders. If you have been preparing for GMAT for a while, | am sure
you would have come across a question of the following form:

Question: When positive integer n is divided by 3, the remainder is 1. When n is divided by 7, the remainder is 5. What is
the smallest positive integer p, such that (n + p) is a multiple of 217?

Let us try and understand what the question is saying using what we have learnt so far.
“When positive integer n is divided by 3, the remainder is 1.”

When | read this, the following is what comes to my mind:

n makes groups of
3 with 1 leftover

“When n is divided by 7, the remainder is 5.”

This statement brings this image to mind:

n makes groups of 7with 5 |eftover

Now, before we move ahead, we need to digress a little.

Let us say, we have a number N which is divisible by 3 and by 7. Can we say it will be divisible by 21, the LCM of 3 and
7? Sure! Since the number is divisible by both 3 and 7, it has factors of 3 and 7 initi.e. it has 21 as a factor. Let us try to
analyze this situation from the ‘diagram perspective’ we have learned recently too. When we divide N by 3, the quotient
will be divisible by 7. Since the quotient decides how many groups we get, when we make groups of 3, we will get 7
groups or 14 groups or 21 groups etc. Hence we will be able to club each of the 7 groups to make groups of 21. Hence,
N will be completely divisible by 21.
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Let’s consider another scenario now.

If we have a number N, which when divided by 3 gives a remainder 1 and when divided by 7 gives a remainder 1, what
would be the remainder when N is divided by 21?

N would be of the form:
N = 3a + 1 (groups of 3 with 1 leftover) and
N =7b + 1 (groups of 7 with 1 leftover)

N would be one of the following numbers: 3+ 1,6 +1,9+1,12+1,15+1,18 +1, 21+ 1 etc

It would also be found in this list: 7+ 1,14 +1,21+ 1,28+ 1,35+ 1etc

So when N is divided by the LCM, 21, it will give 1 as remainder (as is apparent above). What we conclude from this is
that if N gives the same remainder with two numbers, it will give the same remainder for their LCM too. Why? Try to use
the diagrams perspective now. If we make groups of 3, we will get 7 groups or 14 groups etc and 1 will be leftover. If we
club each of the 7 groups of 3 together to make groups of 21, we will still have 1 leftover. Hence when N is divided by 21,
the remainder will still be 1.

Now, let's come back to our original question. We have a number n which when divided by 3 gives a remainder 1 and
when divided by 7 gives a remainder 5. We can say the number is of the form:

n=3a+1
and
n=7b+5

Let me show you some diagrams here since the concept involved is a little tricky:

nmakes groups of 3 with 1 leftover, n makes groups of 7 with 5 leftover.
We need 2 to make another group, We need 2 to make another group.
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Can we say that the remainder in both the cases is (-2) since we need another 2 to make complete groups of 3 and 7?
When n is divided by 3 and the remainder obtained is 1, it is the same as saying the remainder is -2. n is 1 more than a
multiple of 3 which means it is 2 less than the next multiple of 3. Therefore, we can sayn=3x—-2and n =7y - 2.

Now this is exactly like the situation we discussed above. When we divide n by 21, remainder will be -2, i.e. the same
remainder. Does it mean that if we clubbed 7 groups of 3 together to make groups of 21, we would need 2 more to
complete the last group of 21? | hope you will say ‘yes’. Does this also mean that we need 2 more to make n divisible by
21? Yes, of course. Hence p must be 2.

Next week, we will discuss a trickier version of this question which needs some additional concepts. Till then, practice
some similar questions to gain confidence in this concept.
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